Abstract. A conjecture of De Concini Kac and Procesi provides a bound on the minimal possible dimension of an irreducible module for quantized enveloping algebras at an odd root of unity. We pose the problem of the existence of modules whose dimension equals this bound. We show that this question cannot have a positive answer in full generality and discuss variants of this question.
Introduction
Let ℓ be an odd positive integer. A construction due to De Concini Kac and Procesi [11] associates with an irreducible representation V of a quantized enveloping algebra at an ℓ-th root of unity a conjugacy class O V in a corresponding algebraic group G. They conjectured that the dimension of each irreducible module V is divisible by ℓ 1 2 dim O V . The De Concini-Kac-Procesi (DCKP for short) conjecture was confirmed in [13] for regular conjugacy classes, in [4] for subregular unipotent classes in type A n , in [2] for all conjugacy classes in type A n when ℓ is a prime, in [3] and [5] for spherical conjugacy classes for arbitrary G. An approach to settle the conjecture for unipotent conjugacy classes was given in [18] . In [24, 25] , which at the time of writing are under refereeing process, Sevostyanov proposes a strategy for the proof of the DCKP conjecture for simply-connected quantized enveloping algebras, with some restrictions on ℓ.
We are interested in the assumptions under which the bound in the DCKP conjecture is attained, i.e., in conditions for the existence of a module V of dimension ℓ 1 2 dim O V . We call such a module V a small module. In the case of modular Lie algebras, the analogue problem was formulated in [17, §8] and is usually referred to as Humphreys conjecture. For an account on the development of this conjecture, see [23] .
One of the big differences with the modular case is that for each reductive Lie algebra g, there are several quantized enveloping algebras, each corresponding to a lattice M between the root lattice and the weight lattice of g. We say that M is the isogeny type of the algebra. The theory is well developed for the simply connected case (i.e., when M is the weight lattice), but does not seem to allow for standard inductive arguments as in the case of modular Lie algebras, as quantized Levi subalgebras are not always simply connected. This motivates our analysis of different isogeny types both with respect to the DCKPconjecture and to the question of the existence of small modules.
The paper is structured as follows: we recall in Section 3 the DCKP construction, in particular we see that every irreducible module for a quantized enveloping algebra is a representation of some finite-dimensional quotient U M η (g), corresponding to an ℓ-character η. Each ℓ-character is associated with a conjugacy class in G. In Section 4 we relate the finite-dimensional quotients U M η (g) and U N η (g) corresponding to different isogeny types in Theorem 4.3: in particular we provide necessary and sufficient conditions on ℓ ensuring that U M η (g) is independent of the isogeny type. As a consequence, under these assumptions on ℓ, in order to confirm the DCKP conjecture for all isogeny types it is enough to prove it for one type (Corollary 4.4). In Section 5 we give an inductive argument using parabolic induction which reduces the quest for small modules to rigid conjugacy classes and settles their existence for sl n+1 when (ℓ, (n + 1)!) = 1. The results we get are in analogy with the ones in [15] . The last Section is devoted to the cases in which the assumption on ℓ is not verified. We show that in this case small modules may fail to exist for U N η (g) even if they exist for U M η (g). A complete answer to the question of existence of small modules for central elements in G is given in Proposition 6.1. As a conclusion, we formulate Conjecture 2 which is a quantum analogue of Humphreys conjecture.
Notation
Let ε be a primitive ℓ-th root of 1. Throughout g denotes a fixed semisimple Lie algebra of rank n with root lattice Q and weight lattice Λ. We assume that ℓ is odd and coprime with 3 if g has a component of type G 2 .
For a lattice M such that Q ⊆ M ⊆ Λ we denote by G M the complex semisimple algebraic group with Lie(G M ) = g and of isogeny type determined by M. We let T M ⊆ G M be a maximal torus and B M ⊆ G M a Borel subgroup containing T M . The opposite Borel subgroup is denoted by B − M . The unipotent radical of B M does not depend on M and we denote it by U so B M = T M ⋉ U. Similarly, the radical of B − M is denoted by U − . The set of roots w.r.t. T M is denoted by Φ, the set of positive roots w.r.t. B M is denoted by Φ + and ∆ = {α 1 , . . . , α n } stands for the set of simple roots determined by B M . We use the Bourbaki numbering of the simple roots. If Π ⊆ ∆ then Φ Π := Φ ∩ ZΠ. The ith fundamental weight is denoted by λ i and the longest element of the Weyl group W of Φ is denoted by w 0 .
We choose the W -invariant Euclidean norm ( | ) on R∆ so that (α|α) = 2 for short roots in all simple factors of g.
For the lattice M as above, we denote by U M ε (g) the De Concini-Kac quantized enveloping algebra at the root ε of one. It is defined by generators E α , F α (α ∈ ∆) and K µ (µ ∈ M) subject to the relations 
For every choice of the lattice M and every reduced decomposition w 0 , we have root vectors E γ , F γ for γ ∈ Φ + [19] . The set of root vectors of U M ε (g) is the union of the sets of root vectors for each factor U
The notation for the main objects that we consider is as follows:
• O 
We have surjective horizontal maps in the commutative diagram below [11] .
dim g and fixing a basis X = {µ 1 , . . . , µ n } of M, we may choose the basis to consist of monomials of the form
. . , a 1 ) and C = (c 1 , . . . , c N ) are tuples of elements in {0, . . . , ℓ − 1}.
n . For a given Z-basis µ 1 , . . . , µ n of the lattice M, we consider the algebra automorphism σ of
M, and the corresponding central isogeny [11, p. 176] , the map π M factors through the big cell of G M ′ , so we have the following composition of maps:
In 1992, De Concini, Kac, Procesi formulated the following conjecture:
Since the map π M is compatible with the tensor product decomposition of U M ε (g), verification of the conjecture can be reduced to the case of g simple.
Note that, since the diagram in §3.2 is commutative and since
The following questions arise:
(1) Let M ⊂ N. Under which assumptions Conjecture 1 for the lattice M follows from or implies Conjecture 1 for the lattice N?
Under which assumptions can we deduce an answer to Question (2) for the lattice M from the case of the lattice N or viceversa? Question (2) is the quantum analogue of a problem posed by Humphreys, on representations of restricted Lie algebras. We call a module V whose dimension satisfies an equality as in Question (2) a small module for U M η (g). If the DCKP holds for π M (η), then any corresponding small module is irreducible. We show in §6 that Question (2) does not always have an affirmative answer and we formulate necessary conditions under which an affirmative answer can be expected.
We close this section by noticing that if
behaves well with respect to inclusion. This fact will not be needed in the sequel. 
the first vertical arrow is surjective if (ℓ, |N/M|) = 1.
Reduced quantized enveloping algebras
In order to deal with the questions from §3.5, we compare reduced algebras corresponding to different lattices M ⊂ N.
Note that, with respect to PBW bases corresponding to the same reduced decomposition of w 0 , we have
. For the purpose of analyzing f M N , note that we are not bound to considering a specific basis X of M. For each µ ∈ X, η(K µ ) = 0 since K µ is invertible. Fix c it is enough to show that k M N is surjective. By assumption, there are a, b ∈ Z such that aℓ + b|N/M| = 1 so, for any x ∈ N we have x = aℓx + b|N/M|x ∈ ℓN + M. If instead there is a prime p dividing (|N/M|, ℓ), then, there is µ ∈ N such that µ ∈ M and pµ ∈ M. Then, ℓµ = ℓ p (pµ) ∈ ℓN ∩ M and ℓµ ∈ ℓM hence k M N is not injective.
For our purposes we will have to consider lattices M ⊆ N for which (|N/M|, ℓ) = 1. As ℓ is odd, they occur only for Lie algebras with components of type A m or E 6 . Recall that the simple roots are in Bourbaki ordering.
Lemma 4.2.
If g is simple of type A n or E 6 , then there is λ Λ ∈ Λ such that λ Λ , α 1 , . . . , α n−1 is a basis for Λ and any lattice Q ⊆ M ⊆ Λ is generated by |Λ/M|λ Λ , α 1 , . . . , α n−1 .
Proof. We use [16, §13.2] . For A n we have (n + 1)λ 1 = n i=1 (n − i + 1)α i , so Λ = λ 1 , Q and since the coefficient of α n is 1, we have Λ = λ 1 , α 1 , . . . , α n−1 as claimed with λ Λ = λ 1 . For E 6 we choose λ Λ := λ 3 − λ 5 = 1 3 (α 1 + 2α 3 − 2α 5 − α 6 ). Since λ Λ ∈ Λ \ Q and Λ/Q = Z 3 we have Λ = λ Λ , Q . As −3λ Λ ∈ λ n + α 1 , . . . , α n−1 the claim follows also in this case. The last claim follows from the fact that Λ/Q is cyclic.
The following theorem relates different isogeny types for reduced quantized enveloping algebras. A result comparing different isogeny types for the infinite-dimensional algebras U M ε (g) is described in [14, §5] . 
. . , ℓ − 1, and A, C are as in §4.1. Table I A n B n C n D n E 6 E 7 E 8 F 4 G 2 n + 1 n n n 6 7 8 3 3 Table I Remark 4.5. The strategy proposed in [24] , [25] aims at settling the DCKP-conjecture for (ℓ, n!) = 1 if g is of type A n and (ℓ, b(g)!) = 1 otherwise, in the case of M = Λ. So, if (ℓ, b(g)!) = 1, Corollary 4.4 together with this result would imply the DCKP conjecture for every lattice M.
Some positive answers to Question 2
In this section we apply an inductive argument on the rank of g in order to give affirmative answers to Question 2, under certain coprimality assumptions on ℓ. With notation explained in the sequel, there are two main parts in the argument: a reduction to U N η (l) for some Levi subalgebra l of g as in [6] and a further reduction to a subalgebra determined by [l, l] for which the coprimality condition is needed. By parabolic induction, the problem of determining the existence of small modules is reduced to rigid orbits, see Remark 5.8, hence the existence of small modules is settled for sl n+1 when (ℓ, (n + 1)!) = 1.
For Π
We denote the weight lattice of Φ Π by Λ Π and the longest element of the corresponding Weyl group by w Π 0 . Let p be the associated standard parabolic subalgebra of g with standard Levi factor l. For a lattice N between Q and Λ, if P and L are the connected subgroups of G N with Lie(P ) = p and Lie(L) = l, then P = LU P for a connected unipotent subgroup U P ⊆ U. We set U
When dealing with such subalgebras, we always assume that the reduced decomposition of w 0 is such that the first |Φ 
By construction, U N η (p) and U N η (l) are subalgebras of U N η (g) generated, respectively by F α , K γ , E β for α ∈ Π, β ∈ ∆, γ ∈ N, and F α , K γ , E β , α, β ∈ Π, γ ∈ N. Note that U N η (l) depends only on the restriction of η to the subalgebra of
If η is such that η(E ℓ α ) = 0 for every α ∈ Φ + \ Φ Π then, extending trivially the action of {E α : α ∈ Φ + \ Φ Π } induces a natural map 
We make use of the generalization of Lusztig-Spaltenstein induction [21] to arbitrary elements described in [7] . If O L x is a conjugacy class in a Levi subgroup L of a parabolic subgroup P , with decomposition 
dim O L g ′ and one is irreducible if and only if the other is so.
• [20, §3.1] and the claim (b) follows. Let [l, l] = l 1 ⊕· · ·⊕l r be the decomposition of [l, l] in simple factors, with Π = Π 1 ⊔· · ·⊔Π r . We set ε i := ε α if (α|α) > 2 for all α ∈ Π i and ε i := ε otherwise. Then for the r-tuple ǫ consisting of the ε i 's, the subalgebra U
It follows from the construction that for our choice of a reduced decompostion of w 0 and w Π 0 , the root vectors of each U
is the tensor product of the ℓ-centers of the U
, this algebra is the product of restricted quantized enveloping algebras, for possibly different primitive ℓ-th roots of unity: 
and j is surjective. Using the PBW bases we see that dim U
whence the statement.
We treat now the two special cases N = Λ and N = Q.
Lemma 5.4. Let l be a standard Levi subalgebra corresponding to Π ⊆ ∆, let A Π be the Cartan matrix of [l, l] . Assume (ℓ, det(A Π )) = 1. Then, on the left we have (
⊥ is then given by the vectors of the form
An immediate consequence of the above lemma is the following equality of sets
We are now in a position to prove the main statement. Recall that a unipotent conjugacy class O is called Richardson if it is induced from the trivial class in some Levi subgroup of a parabolic subgroup. Note that for unipotent conjugacy classes this property of O does not depend on the isogeny type of G N . As U − does not depend on the isogeny type, if η is such that π N (η) ∈ U − , then π M (ι * η) = π N (η) for every M ⊂ N and we simply write π M (η).
• is the standard Levi subgroup of a standard parabolic subgroup associated with
Proof. Under these assumptions, U We are ready to state our result on small modules for g = sl n+1 (C). In this section we deal with Questions (1), (2) and (3) when g is simple of type A n or E 6 , M N and d := (ℓ, |N/M|) = 1. With respect to the dimension of g, the smallest case to consider is type A 2 when 3 | ℓ. From a different perspective, with respect to dim O π N (η) the smallest cases are the central ℓ-characters. Type A 2 is considered in §6.3 and we describe precisely when there exists a small module for a central ℓ-character and all g in §6. 4 . We observe that if π N (η) = 1 then U N 1 (g) is a Hopf algebra, so it always has a small module, namely the one given by the counit. For this reason we will deal only with η such that π N (η) = 1. 6.2. If it exists, a small module V for a central ℓ-character η has dimension 1. We recall from [12, §9.1] that in this case E α V = F α V = 0 for any α and (6.10)
In general, consider a finite-dimensional U M ε (g)-module W . If E α W = 0 or F α W = 0 for some α ∈ Φ, then K 2 α = id W . Conversely, if K 2 α = id W , then for any β ∈ Φ such (α|β) ≡ 0 mod ℓ we have F β W = E β W = 0. Indeed, as K α is diagonalizable, it is enough to show that E β and F β act trivially on each of its eigenspaces. However, these operators map any ±1-eigenvector to the ±ε ±(α,β) -eigenspace. The latter is trivial because ±ε ±(α,β) = 1.
6.3. We explore here the case where g = sl 3 (C) and 3 | ℓ. The example below shows that Question (2) from §3.5 has a negative answer in general. By §6.2 the possible 1-dimensional representations of U Λ ε (sl 3 ) are in bijection with Hom(Λ/2Q, C). Let V = C be a 1-dimensional module affording the central ℓ-character η. As 3λ i ∈ Q, we have K We show now that the minimal dimension of an irreducible U Λ
